Recently, exact Kirchhoff solutions and the corresponding asymptotic solutions for the focusing of electromagnetic waves through a plane interface between two different dielectrics were reported. But the computation of exact results takes a long time because it requires the quadruple integration of a rapidly oscillating integrand. By using asymptotic techniques to perform two of the integrations, one can reduce the computing time dramatically. Therefore it is important to establish the accuracy and the range of validity of the asymptotic technique. To that end, we compare the exact and the asymptotic results for high-aperture, near-field focusing systems with a total distance from the aperture to the focal point of a few wavelengths and with a distance from the aperture to the interface as small as a fraction of a wavelength. The systems examined have f-numbers in the range from 0.6 to 0.9 and Fresnel numbers in the range from 0.4 to 3.5. Our results show that the accuracy of the asymptotic method increases with the aperture-interface distance when the aperture-focus distance is kept fixed and that it increases with the aperture-focus distance when the aperture-interface distance is kept fixed. To an accuracy of 7.8%, the asymptotic techniques are valid for aperture-interface distances as small as 0.5 as long as the total distance from the aperture to the focal point exceeds 8. It is also shown that an accuracy of better than 1% can be obtained for the same aperture-interface distance of 0.5 and for interface-observation-point distances as small as 0.1 as long as the total distance from the aperture to the focal point exceeds 12. By use of the asymptotic technique the computing time is reduced by a factor of 10 3 .
Introduction
In 1984, Ling and Lee 1 published the first investigation on the focusing of electromagnetic waves through a plane interface. As was pointed out by Stamnes, 2 the treatment by Ling and Lee 1 was based on a Kirchhoff-or a physical-optics-type of approximation, which means that their results also remain valid at low Fresnel numbers. Visser and Wiersma 3 used the so-called m theory to study focusing through a plane interface. This is a Kirchhoff-type of theory that is based on specifying the transverse components of the electric field in the aperture plane. Török et al. 4 -6 considered essentially the same problem as did Ling and Lee, 1 but they based their research on the Debye theory, which was also used by Richards and Wolf 7 and by Flagello et al. 8 in their studies of focused electromagnetic waves in a single medium and in a layered medium, respectively.
In numerical studies of focusing at low Fresnel numbers of scalar 9 -14 and electromagnetic 1, 15 waves asymmetries about the geometric focal plane and associated focal-shift phenomena are predicted by the Kirchhoff theory but not by the Debye theory. Because such asymmetries and focal shifts have been observed experimentally, 13, 16, 17 one can conclude that the Debye theory is invalid at low Fresnel numbers. Thus in low Fresnel number applications for which it is important to know the precise position of the maximum energy the Kirchhoff approximation is inevitable.
Recently, Wiersma et al. 18 compared the approach of Török et al. 4 -6 with that of Visser and Wiersma. 3 They found that both approaches give similar intensity distributions along the optical axis. This similarity is surprising when considering that one approach is based on the Debye theory, whereas the other is based on the Kirchhoff theory. However, the good agreement between the two theories can readily be explained by the fact that the Fresnel numbers of the focusing geometries investigated in this comparison were large.
To save computing time, Ling and Lee 1 based their computations on asymptotic solutions with large, but nevertheless restricted, ranges of validity. The main purpose of this paper is to determine the range of validity of these asymptotic solutions. To that end, we compare the results of the exact Kirchhoff solution of Ling and Lee 1 with corresponding asymptotic results. Recently, similar comparisons were published for the focusing of two-dimensional electromagnetic waves through a plane interface at low angular apertures. 19, 20 The term exact Kirchhoff solution is used to indicate that the diffraction through the limiting aperture of the focusing system is treated by use of a Kirchhoff-or a physical-optics-type of approximation, whereas the interaction of the incident focused field with the plane interface is treated in a rigorous manner. Precisely stated, the diffraction of each scalar component of the electromagnetic field through the aperture is described by the first Rayleigh-Sommerfeld integral in combination with the Kirchhoff approximation. For the focusing of two-dimensional electromagnetic waves [21] [22] [23] such Kirchhoff solutions have been shown to be highly accurate even at rather low Fresnel numbers and high angular apertures.
The paper is organized as follows: In Section 2, we summarize the exact and the asymptotic solutions for focused electromagnetic fields through an interface that is due to a time-harmonic linearly polarized aperture current. Numerical techniques that are used to compute exact focused fields are discussed in Section 3, and comparisons between the exact and the asymptotic results for the spectral double integral that represents the contribution of one aperture point are presented in Section 4. In Section 5 the exact and the asymptotic results are presented for electric fields that are obtained by use of focusing through a single interface. Our findings are summarized in Section 6.
Focusing through a Plane Interface

A. Exact Results
Consider a converging electromagnetic wave that is focused through a plane interface between two different dielectric materials. Let the incident converging wave be produced by a time-harmonic source current situated in the aperture plane, z ϭ 0 ͑in the first medium͒, and polarized in the x direction. In accord with the physical-optics or the Kirchhoff approximation, the source current is assumed to vanish outside the aperture area A shown in Fig. 1 
where
Here the permittivity, the permeability, and the conductivity of medium j are ⑀ j , j , and j , respectively. The Fresnel transmission coefficients T p in Eqs. ͑5͒ and ͑6͒ are given by
The phase ͑xЈ, yЈ͒ of the current source can be Fig. 1 . In the aperture plane, z ϭ 0, a current source radiates a converging electromagnetic wave that is focused through a plane dielectric interface at z ϭ z 0 . The permittivities in the two media are ⑀ 0 for 0 Ͻ z Ͻ z 0 and ⑀ 1 for z Ͼ z 0 . The focus is at ͑0, 0, z f ͒. In the figure it is assumed that ⑀ 1 is greater than ⑀ 0 .
determined from geometric optics to cancel the aberrations that are introduced on refraction through the interface. From Fig. 1 it follows that the requirement of equal phase at the focal point for fields along all geometric rays is
where D 1f and D 2f are given by
B. Asymptotic Results
The asymptotic solution is obtained by evaluation of the integral in Eq. ͑3͒ with p ϭ TE or p ϭ TM asymptotically by use of the method of stationary phase. Thus we have 2,21
where k x s and k y s are given by
As shown in Fig. 2 , D 1 is the distance between an integration point ͑xЈ, yЈ͒ in the aperture and the refraction point ͑x 0 , y 0 ͒ at the interface, and D 2 is the distance between the refraction point and the observation point ͑x, y, z͒.
Numerical Techniques
To obtain exact results for the focused electric field at an observation point in the second medium, one first needs to compute the spectral double integral in Eq.
͑3͒ to obtain the contribution that is due to one particular point ͑xЈ, yЈ͒ in the aperture. Then one needs to carry out the double integration over the aperture plane in Eq. ͑2͒. Because this quadruple integration is quite time consuming, we reduce the double integral in Eq. ͑3͒ to a single integral by making the change of integration variables, k x ϭ k 1 t cos ␤ and k y ϭ k 1 t sin ␤, and writing
Then, on using the formulas in Appendix A, we obtain from Eqs. ͑1͒ and ͑2͒
where AЈ͑, ͒ ϭ A͑xЈ, yЈ͒, Ј͑, ͒ ϭ ͑xЈ, yЈ͒, and
The scalar components of B͑t͒ and D͑t͒ are listed in Appendix B.
For large values of k 1 t asymptotic formulas for the Bessel functions in Eq. ͑16͒ are employed to express each of them as an amplitude function times an exponential function exp͓if ͑t͔͒, where f ͑t͒ is real. Then f ͑t͒ is added to ͑t͒ to speed up the numerical integration by means of the Stamnes-SpjelkavikPedersen method for single integrals 24 
Let the two media have no absorption so that both k 0 and k 1 are real. Then k z 0 and k z 1 are either real or imaginary in the whole integration interval in Eq. ͑16͒. Further, let us assume that the second medium is optically denser than the first medium so that k 1 Ͼ k 0 . Then both k z 0 and k z 1 are real in the interval 0 Յ t Ͻ k r
Ϫ1
, k z 0 is imaginary and k z 1 is real in the Fig. 2 . Refraction through a plane dielectric interface. The main contribution to the field at the observation point ͑x, y, z͒ from the source point ͑xЈ, yЈ, 0͒ is due to the plane wave that is associated with the geometric ray that passes from the source point ͑xЈ, yЈ, 0͒ by means of the refraction point ͑x 0 , y 0 , z 0 ͒ to the observation point.
interval k r Ϫ1 Ͻ t Ͻ 1, and both k z 0 and k z 1 are imaginary in the interval 1 Ͻ t Ͻ ϱ.
The integrand in Eq. ͑16͒ is well behaved in each of these three intervals but not at t ϭ k r Ϫ1 or t ϭ 1. Hence we divide the integral in Eq. ͑16͒ into three different parts by writing
where 
Numerical Comparisons between the Exact and the Asymptotic Results for F p
An analytical comparison between the exact and the asymptotic results for focusing in a single medium was given in Ref. 25 . For focusing through an interface such analytical comparisons are difficult to carry out, and therefore we provide numerical comparisons.
The asymptotic solution in expression ͑12͒ for F p becomes invalid when both the observation point and the aperture point lie close to the interface. Also, the singularities ͑branch points͒ of the transmission coefficients T TM and T TE can be disregarded only if k 1 Ͻ k 0 or if k 1 Ͼ k 0 and the observation angle is not near the critical angle of internal total reflection given by sin Ϫ1 ͑k 0 ͞k 1 ͒. When these conditions are not fulfilled the asymptotic analysis becomes more complicated ͓Ref. 2, Subsection 15.2.2͑c͔͒. In the present case, k 1 Ͼ k 0 , and the observation angle will Fig. 3 . Plots of ͉F x ͉ 2 as a function of the axial observation distance from the aperture for various points in the aperture plane: ͑a͒ Ј ϭ a and Ј ϭ ͞4, ͑b͒ Ј ϭ a͞2 and Ј ϭ ͞4, ͑c͒ Ј ϭ a͞10 and Ј ϭ ͞4. Plots of ͉F x ͉ 2 as a function of the transverse observation distance for z ϭ z f ϭ 8 for various points in the aperture plane: ͑d͒ Ј ϭ a and Ј ϭ ͞4, ͑e͒ Ј ϭ a͞2 and Ј ϭ ͞4, ͑f ͒ Ј ϭ a͞10 and Ј ϭ ͞4. Here the aperture-interface distance is z 0 ϭ 4, the aperture radius is a ϭ 8, the aperture-focus distance is z f ϭ 8, and the relative refractive index is n 2 ͞n 1 ϭ 1.5. The asymptotic and the exact results are shown as dashed and solid curves, respectively. All distances are in units of the wavelength. not become close to the critical angle unless the aperture-interface distance z 0 becomes small.
We now compare the asymptotic and the exact results for F ϭ F TE ϩ F TM . Because the current source is polarized in the x direction, it suffices to compare the x components of F. The asymptotic result for F x is given by
where F x TM and F x TE are the x components of the asymptotic results for F TM and F TE , respectively, given in expression ͑12͒. The exact solution for F x follows from Eq. ͑16͒ and Eqs. ͑B1͒ and ͑B2͒ in Appendix B. In the numerical integration the subdivision in Eq. ͑19͒ is used.
The asymptotic and the exact results for ͉F x ͉ 2 are plotted in Figs. 3͑a͒-3͑c͒ for observation points along the optical axis. In each of these plots the relative refractive index ͑n 2 ͞n 1 ͒ is assumed to be 1.5. First, we consider F x that is due to three different sets of aperture points ͑Ј, Ј͒ for a focusing geometry with a Fresnel number of N ϭ 1.07 and an f-number of f no ϭ 0.786. The interface lies four wavelengths from the aperture, and the focal point in the second medium lies eight wavelengths from the aperture. In Fig.  3͑a͒ , the source point is at Ј ϭ a and Ј ϭ ͞4; in Fig.  3͑b͒ it is at Ј ϭ a͞2 and Ј ϭ ͞4; and in Fig. 3͑c͒ it is at Ј ϭ a͞10 and Ј ϭ ͞4, where a ϭ 8 is the aperture radius. As we can see from Figs. 3͑a͒-3͑c͒, the difference between the asymptotic and the exact results for ͉F x ͉ 2 is small for these three aperture points. In Figs. 3͑d͒-3͑f ͒ the asymptotic and the exact results for ͉F x ͉ 2 are plotted along the transverse axis for z ϭ 8. The difference between the two results is seen also to be small in this case.
Next, we move the interface two wavelengths toward the aperture, while keeping the distance between the aperture and the focal plane the same as for Fig. 3 . The Fresnel number of the new focusing geometry becomes N ϭ 2.08, whereas the f-number 2 as a function of the axial observation distance from the aperture for various points in the aperture plane: ͑a͒ Ј ϭ a and Ј ϭ ͞4, ͑b͒ Ј ϭ a͞2 and Ј ϭ ͞4, ͑c͒ Ј ϭ a͞10 and Ј ϭ ͞4. Plots of ͉F x ͉ 2 as a function of the transverse observation distance for z ϭ 6 for various points in the aperture plane: ͑d͒ Ј ϭ a and Ј ϭ ͞4, ͑e͒ Ј ϭ a͞2 and Ј ϭ ͞4, ͑f ͒ Ј ϭ a͞10 and Ј ϭ ͞4. Here the aperture-interface distance is z 0 ϭ 2, the aperture radius is a ϭ 8, the aperture-focus distance is z f ϭ 8, and the relative refractive index is n 2 ͞n 1 ϭ 1.5. The asymptotic and the exact results are shown as dashed and solid curves, respectively. All distances are in units of the wavelength. becomes f no ϭ 0.694. The interface now lies two wavelengths from the aperture. In Fig. 4͑a͒ the source point is at Ј ϭ a and Ј ϭ ͞4; in Fig. 4͑b͒ it is at Ј ϭ a͞2 and Ј ϭ ͞4; and in Fig. 4͑c͒ it is at Ј ϭ a͞10 and Ј ϭ ͞4. Figures 4͑a͒ and 4͑b͒ show that the difference between the asymptotic and the exact results for ͉F x ͉ 2 is significant for these three aperture points. Figures 4͑d͒-4͑f ͒ show the asymptotic and the exact results for F x along the transverse axis for z ϭ 6. The difference between the two results is seen to be significant in this case.
Next, we move the interface another 1.5 wavelengths toward the aperture, while keeping the distance between the aperture and the focal plane the same as for Figs. 3 and 4 . The Fresnel number and the f-number of the new focusing geometry become N ϭ 3.47 and f no ϭ 0.599, respectively. The interface is now only a half-wavelength from the aperture. The exact and the asymptotic results for ͉F x ͉ 2 are plotted in Figs. 5͑a͒-5͑c͒ for the same aperture points as for Figs. 3͑a͒-3͑c͒ and Figs. 4͑a͒-4͑c͒. These plots show that the difference between the two results has become much larger. Figures 4͑d͒-4͑f ͒ show the corresponding exact and asymptotic results at observation points transverse to the z axis for z ϭ 9. Again, we observe a significant difference between the two results.
We studied a number of different geometries with f-numbers in the range from 0.599 to 0.865 and Fresnel numbers in the range from 3.47 to 0.445. Our numerical results show that the difference between the exact and the asymptotic results for ͉F x ͉ 2 becomes significant when the aperture-interface distance gets as small as two wavelengths. When the aperture-interface distance was reduced to 0.5 wavelength the difference between the two results became even higher. In Section 5, we examine how these differences in ͉F x ͉ 2 affect the corresponding results for the focused electric fields. 2 as a function of the axial observation distance from the aperture for various points in the aperture plane: ͑a͒ Ј ϭ a and Ј ϭ ͞4, ͑b͒ Ј ϭ a͞2 and Ј ϭ ͞4, ͑c͒ Ј ϭ a͞10 and Ј ϭ ͞4. Plots of ͉F x ͉ 2 as a function of the transverse observation distance for z ϭ z f ϭ 8 for various points in the aperture plane: ͑d͒ Ј ϭ a and Ј ϭ ͞4, ͑e͒ Ј ϭ a͞2 and Ј ϭ ͞4, ͑f ͒ Ј ϭ a͞10 and Ј ϭ ͞4. Here the aperture-interface distance is z 0 ϭ 0.5, the aperture radius is a ϭ 8, the aperture-focus distance is z f ϭ 8, and the relative refractive index is n 2 ͞n 1 ϭ 1.5. The asymptotic and the exact results are shown as dashed and solid curves, respectively. All distances are in units of the wavelength.
Numerical Comparisons between the Asymptotic and the Exact Focused Electric Fields
Now we present comparisons between the asymptotic and the exact results for the copolarized component of the focused electric field in the second medium for the same focusing geometries as for Figs. 3-5. Thus in these comparisons the distance between the aperture and the focus was kept fixed at a ϭ 8, whereas the aperture-interface distance was varied. The observation point closest to the interface was at a distance of 0.1 away.
Figures 6͑a͒ and 6͑b͒ show the asymptotic and the exact results for ͉E x ͉ 2 along the z axis and transverse to this axis, respectively, for a focusing geometry with a Fresnel number of N ϭ 1.07 and an f-number of f no ϭ 0.786. In this case the aperture-interface distance was z 0 ϭ 4. Because the difference between the asymptotic and the exact results for ͉F x ͉ 2 was small in this case ͓see Figs. 3͑a͒-3͑f ͔͒, we do not expect large differences between the corresponding focused electric fields. Thus, as expected, Figs. 6͑a͒ and 6͑b͒ show that the asymptotic and the exact results for ͉E x ͉ 2 are indistinguishable. For the focusing geometry shown in Figs. 4͑a͒-4͑f ͒, the interface was at a distance of z 0 ϭ 2 from the aperture, and the Fresnel number and the f-number were N ϭ 2.08 and f no ϭ 0.694, respectively. In this case, we observed significant differences between the exact and the asymptotic results for ͉F x ͑, ͉͒ 2 . Thus we would expect to see differences also between the asymptotic and the exact results for the corresponding focused electric field. But in Figs. 7͑a͒ and 7͑b͒ no appreciable difference between the two results is seen either along the z axis or transverse to it. Thus the differences between the exact and the asymptotic results for ͉F x ͉ 2 cancel when the integration in Eq. ͑2͒ is carried out. ͑a͒ The observation points are along the z axis. ͑b͒ The observation points are transverse to the z axis for z 1 ϭ 8. Here the aperture-interface distance is z 0 ϭ 4, the aperture radius is a ϭ 8, the aperturefocus distance is z f ϭ 8, and the relative refractive index is n 2 ͞ n 1 ϭ 1.5. The asymptotic and the exact results are shown as dashed and solid curves, respectively. All distances are in units of the wavelength. : ͑a͒ The observation points are along the z axis. ͑b͒ The observation points are transverse to the z axis for z 1 ϭ 8. Here the aperture-interface distance is z 0 ϭ 2, the aperture radius is a ϭ 8, the aperturefocus distance is z f ϭ 8, and the relative refractive index is n 2 ͞ n 1 ϭ 1.5. The asymptotic and the exact results are shown as dashed and solid curves, respectively. All distances are in units of the wavelength. : ͑a͒ The observation points are along the z axis. ͑b͒ The observation points are transverse to the z axis for z 1 ϭ 8. Here the aperture-interface distance is z 0 ϭ 0.5, the aperture radius is a ϭ 8, the aperturefocus distance is z f ϭ 8, and the relative refractive index is n 2 ͞ n 1 ϭ 1.5. The asymptotic and the exact results are shown as dashed and solid curves, respectively. All distances are in units of the wavelength. Figures 8͑a͒ and 8͑b͒ show the exact and the asymptotic results for ͉E x ͉ 2 for a focusing geometry with a Fresnel number of N ϭ 3.47 and an f-number of f no ϭ 0.599. In this case the aperture-interface distance was z 0 ϭ 0.5, and in Figs. 5͑a͒-5͑f ͒, we observed significant differences between the exact and the asymptotic results for ͉F x ͉ 2 . Similar differences are seen in Figs. 8͑a͒ and 8͑b͒ for the copolarized component of the focused electric field, both along the z axis and transverse to it, for z ϭ 8. Table 1 shows interface-aperture distances and corresponding Fresnel numbers and f-numbers along with the maximum inaccuracy of the asymptotic results for ͉E x ͉ 2 in the focal plane. In all cases, the aperture-focus distance was kept fixed at 8, and the diameter of the aperture was kept fixed at 16. The accuracy of the asymptotic technique is characterized by the relative difference, which is defined as
where the subscripts ex and asy are used to denote the intensities obtained from the exact and the asymptotic solutions, respectively. The subscript max is used to denote the maximum intensity of the exact result in the focal plane. Table 1 shows that the asymptotic results for the copolarized component of the electric field intensity in the focal plane give a maximum error of 1.43% for an aperture-interface distance of z 0 ϭ 2. Even for an aperture-interface distance of only 0.5, the error does not exceed 7.8%. For an aperture-interface distance of z 0 ϭ 0.5, we considered two different focal distances, z f ϭ 4 and z f ϭ 8. For z f ϭ 8 the maximum error in the copolarized component of the electric field intensity in the focal plane was found to be 11.48%, whereas for z f ϭ 12 it was found to be 0.9%. These results together with those in Table 1 for z 0 ϭ 0.5 show that, when the aperture-interface distance is kept fixed, the accuracy of the asymptotic result for the copolarized component of the electric field intensity in the focal plane improves as the aperture-focus distance increases. Finally, we emphasize that by use of the asymptotic technique the computing time is reduced by a factor of 10 3 .
Conclusion
We have examined the range of validity of an asymptotic technique that is based on the method of stationary phase for obtaining numerical results for the focusing of electromagnetic waves through a plane interface between two different dielectric media. To that end, we have compared the asymptotic and the exact results for the spectral double integral that represents the contribution to the field from one aperture point. Also, we have compared the corresponding exact and asymptotic results for the copolarized components of the focused electric field. We have shown that the accuracy of the asymptotic method increases with the aperture-interface distance z 0 when the aperture-focus distance z f is kept fixed and that it increases with z f when z 0 is kept fixed.
Our results show that, to an accuracy of 7.79%, the asymptotic results for the copolarized component of the focused electric field are valid for apertureinterface distances as small as 0.5 and for interfaceobservation-point distances as small as 0.1 as long as the total distance from the aperture to the focal point exceeds 8. We have also found that an accuracy of better than 1% can be obtained for the same aperture-interface distance of 0.5 and for interfaceobservation-point distances as small as 0.1 as long as the total distance from the aperture to the focal point exceeds 12. The main advantage of the asymptotic method is that it produces a reduction in the computing time by a factor of approximately 10 
